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when q = 0) cannot be expressed as a finite linear combination of {ipn(z))^L0, when deg(p) is a multiple of 4. It is well known that g(z)\¡fj¡j\z) can always be expressed as such when p(z) = z2 (the Hermite case).
I. Introduction. For a fixed p(z) = a2mz2m + a2m_2z2m~2 + • • • + a2z2 where a¡ > 0 V/, a2m > 0, the equation (1) w"(z) + (X -p(z))w(z) = 0, A E R, z E C, has a complete orthonormal set of solutions {v^(z)}^°=0 (eigenfunctions) for L (-oo, oo) (as a real space), with corresponding discrete positive eigenvalues {An}^°=0. \pn is even or odd as « is even or odd [9, p. 172] , and any L solution of (1) is a multiple of one of these eigenfunctions. [9] has an extensive theory on these matters. Equation (1) with p(z) = z , yields
where Hn is the Hermite polynomial of degree «. The well-known recurrence formulas for Hermite polynomials allow the expression of any g(z)\p¡^'(z) (g a polynomial; fixed q, N G N) as a finite linear combination of {^"}^L0-^ms 1S shown briefly. The purpose of this paper is to show that when deg (p) = 2m is a multiple of 4, any such g\pfi' (g # 0 and deg (g) > 1 when q = 0) cannot be expressed similarly. J. Zeitlin [11] proved this for the special case deg (p) = 4, by Lie algebra calculations. The crux of the argument here is imaginary
Presented to the Society, January 22, 1976 under the title No recurrence relations for eigenfunctions of certain anharmonic oscillators; received by the editors July 10, 1975. axis behavior: $n(iy) -» 0 but \p"'(iy) ^0 as |_y| -> oo (all n). This will be discussed in more detail later.
Remaining as an open question is what happens in the cases m > 3 odd. It would seem that, like here, the answers are negative. A discussion of this is in [5, • (T) has the nonrecursive property for all n E N. Furthermore, the proof used on Twill generalize to show that the linear span of {g(d/dz)q # constant: fixed polynomial g, q E N} also has the nonrecursive property. Obviously, for fixed q and varying g, the resulting linear space has the property.
Explaining the title of the paper, (d/dx) -q(x) is an anharmonic oscillator when q is a polynomial of even degree > 4, with positive leading coefficient. Anharmonic refers to the fact that the eigenvalues are not in an arithmetic progression. There has been intensive recent study of these operators for applications to quantum field theory. See, for example, [2] , [3], [8] . Other recent work on these operators is in [6] , [7] . III. The eigenfunctions when m is even. In this case, on the imaginary axis:
»f'/vO)') ~* 0 as \y\ ~* °° V fixed N (throughout this section, N will be fixed).
The argument, the details of which can be found in [5] , will now be outlined.
Define <p: R -> R by <t>(y) = ^Oy) if N is even' = ii^N(iy) if N is odd.
Then equation (1) This method of deriving (6) from a general equation, similar to (3), can be found in 5.8 and 5.10 of [9] . (6) shows, among other things, that \pN -* 0 along the imaginary axis (by (2)). Curiously, \¡/'N "•*> 0 along the imaginary axis. Although this fact comes out in the course of obtaining (6) [5, p. 27], below we give an elementary proof which uses none of the machinery developed to get to (6) .
Because p(iy) -» oo as |_v| -» oo, (2) and (3) imply that \pN has an infinite number of pure imaginary zeros (for y > y0, compare (3) with/"(y) + f(y) = 0 and use Sturm's theorem on p. 107 of [9] ). This oscillatory character makes (6) believable. 
